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Abstract. In this paper we study the Sobolev Trace Theorem for variable exponent spaces 
with critical exponents. We find conditions on the best constant in order to guaranty the 
existence of extremals. Then we give local conditions on the exponents and on the domain (in 
the spirit of Adimurthy and Yadava) in order to satisfy such conditions, and therefore to ensure 
the existence of extremals. 



1. Introduction 

The study of variable exponent Lebesgue and Sobolev spaces have deserved a great deal of 
attention in the last few years due to many interesting new applications including the mathe- 
matical modeling of electrorheological fluids (see |21J) and image processing (see [3]). We refer 
to section 2 below for a brief account of the main rsults needed here, and to the book [4J for a 
complete account on these spaces. 

One fundamental point in the study of these spaces is the generalization of the well-known 
Sobolev immersion Theorems. That is, if f2 C M. N is a bounded domain and p: O, — > [1, oo) is a 
finite exponent such that sup^ p < N the following immersions hold 

Wo Mx \n) L^ X \Q) and W l > p{x) {£l) L r ^ x \dVt), 
if the exponents q: Q — > [1, oo) and r : d£l — > [1, oo) verify the bounds 

q(x) <p*(x) := ^ and r(x) < p*(x) ~ 



N — p(x) N — p(x) 

These exponents p*(x) and p*{x) are called the critical Sobolev exponent and the critical Sobolev 
trace exponent respectively. (Some mild regularity assumptions on the exponents are needed in 
order for the immersions to hold, see [3] and Section 2). These immersions can be restated as 

< S(p(-), q(-), O) := inf " n " L (U > , and 

vew^ p(x) (n) \\ v \\Li(*)(n) 



< T(p(-),r (■),&) := inf 



l t 'llvi/ 1 'J'( a: )(Q) 



Here, the norms that are considered are the Luxemburg norms. We refer to Section 2 for the 
precise definitions. 
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An important and interesting problem is the study of the existence of extremals for these im- 
mersions i.e. functions realizing the infimum in the definition of S(p(-), q(-), SI) and T(p(-), r(-), SI). 
When the exponents are uniformly subcritical, i.e. 

inf(p* — q) > and inf(p* — r) > 0, 
Q dfl 

the immersions are compact, and so the existence of extremals follows by a direct minimization 
procedure. The situation when the subcriticality is violated is much more complicated. 

In constrast with the constant critical exponent case which has deserved a lot of attention since 
Aubin' seminal work [2], the critical immersion for variable exponent have only been considered 
recently. In [18], the authors study some cases where even if the subcriticality is violated, the 
immersion Wq' p ^ x \S!) L q ^(Sl) remains compact. This result requires for very restrictive 
hypotheses on the exponents p and q, so a more general result is desirable. In this direction, 
in [llj . applying an extension of the P.L. Lions' Concentration-Compactness Principle for the 
variable exponent case (see [121 [13]) the authors proved that 

S(p(-),q(-),Sl) < sup inf ■ S(p(-),q(-),B £ (x)), 
e> xGA 

where A = {x € SI : q{x) = p*(x)} is the critical set, and B e {x) is the ball centered at x of radius 
e. Moreover, in that paper it is shown that if the strict inequality holds, namely 

S(p(-), <?(•), SI) < sup mf S(p(-),q(-),B £ (x)), 

then there exists an extremal for S (p(-) , q(-) , SI) . Some conditions on p, q and SI are also given 
in order for this strict inequality to hold. We also refer to |10j where this result is applied to 
obtain the existence of a solution to a critical equation involving the p{x)— Laplacian. 

The purpose of this article is to extend the above mentioned results to the trace problem. 
That is, we assume hereafter that the subcriticality for the trace exponent fails in the sense that 

A T := {xedSl: r(x) = p*{x)} ^ 0, 

and find conditions on the exponents p, r and on the domain SI in order to ensure the existence 
of an extremal for T(p(-),r(-),Sl). Up to our knowledge, this is the first paper where the critical 
trace inequality, in the context of variable exponent Sobolev spaces, is addressed. 

Concerning the constant exponent case, it is known, see [7], that 

\\Vv\\ LP 



T{p,p^Sl)<K{N,p)- 1 = inf 

v€D 1 'P(R I l) \\V\\lp*( 

where D l,p (M.+ ) is the set of measurable functions f(y, t) such that dif € L P (R+), i = 1, . . . , N, 
and /(-,0) G ^'(R^^ 1 ). Moreover, in it is shown that if 

(1.1) T(p,p*,Sl) <K(N,p)-\ 

then there exists an extremal for the trace inequality. Notice that one trivial global condition 
on SI that implies (jl.ip is 

i 

(1.2) ^_<K(AT, p) -i, 

H^idSl)^ 

where T-L d denotes the d— dimensional Hausdorff measure. Observe that the family of sets veri- 
fying (jl.2p is large. Indeed for any fixed set SI, Sl t := t ■ SI verifies (|1.2j) for any t > small. 
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A more interesting and difficult task is to find local conditions on 17 ensuring (jl.ip . For 
p = 2 this was done by Adimurthy and Yadava in [I] (see also Escobar [5] for a closely related 
problem) by using the fact that the extremals for K{N,2)~ 1 were explicitly known since the 
work of Escobar In fact, in [I], the authors proved that if the boundary of 17 contains a point 
with positive mean curvature, then (jl.ip holds true. Recently Nazaret |19j found the extremals 
for K{N,p)~ l by means of mass transportation methods. These extremals are of the form 

V x , yo (y,t) = \-—V(^,t), yeR N -\ t > 0, 

with 

Y-p , 

(1.3) V(y,t) = r-—, r = V(l + *) 2 + |y| 2 - 

From the explicit knowledge of the extremals one can compute the value of the constant K(N,p) 
(see, for example, [5]). It holds 

K(N,p) = 7T 2 ' « ' 



N-pJ r( 



2(p-l)< 



where T(x) = J °° t x ~ 1 e~ t dt is the Gamma function. Using these extremals, Fernandez Bonder 
and Saintier in [8] extended pQ by proving that (jl.l j) holds true if contains a point of positive 
mean curvature for 1 < p < (N + l)/2. See also [20J for a related result. We also refer to [22] 
where this question has been adressed in the case p = 1. 

A slightly more general problem can be treated. Namely, consider T C dQ, T ^ dQ a (possibly 
empty) closed set, and define 

Wf ,p{x) = {4> € C°°(0): <t> vanishes in a neighborhood of T}, 

where the closure is taken in || ■ ||vpi,j>(*0(n) — norm. This is the subspace of functions vanishing on 

r. Obviously, Wq' p{x) (Q) = W l ^ x \^l). In general W^' p{x \n) = W^ x \Sl) if and only if the 
p{x)— capacity of V is 0, see [15j . The main concern of this paper is the study of the existence 
problem of extremals for the best constant T(p(-), r(-), f2, T) defined by 

(1.4) 0<T(p(-),r(-),n,r):= inf 

First, employing the same ideas as in [18] we obtain some restricted conditions on the exponents 
p and r guarantying that the immersion W l,p ^ x \^l) )■ L r ( x \d$V) remains compact and so the 
existence of an extremal for T(p(-), r(-), 0, T) holds true. As in the Sobolev immersion Theorem 
more general conditions for the existence of extremals are needed and these are the contents of 
our main results. 

In order to state our main results, we first need to introduce some notation. The localized 
Sobolev trace constant T x is defined, for x S At, as 

(1.5) f x = sup T(p(.) s r(-), n ej r e ) = lim T(p(-), r(-), n e , r e ), 

£>0 

where Q e = 17 n B £ {x) and T e = dB e (x) n 17. The smallest localized Sobolev trace constant is 
denoted by 

(1.6) T := inf f*. 
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With these notations, our main results states that, under certain mild regularity assumptions 
on p and r, the following inequalities hold true 



then there exists an extremal for (11. 4ft . 

So a natural main concern is to provide with conditions in order for (jl.7p to hold. We obtain, 
as in the constant exponent case, two types of conditions: local and global. 

Global conditions are easier to obtain. In fact, it is fairly easy to see that if Q is contracted 
enough then (jl.7p holds. 

In order to find local conditions for (II. 7|) to hold, a more refined analysis has to be made. The 
idea is to find a precise test function in order to estimate T(p(-), r(-), f2, T). This test function is 
constructed by properly scaling and truncating the extremal for K(N,p(x))~ 1 around some point 
x G At- This estimate will give local conditions ensuring that T(p(-),r(-), Q, T) < K(N,p(x))^ 1 . 
The analysis is then completed by providing with conditions that ensure T x = K(N , 
and requiring that T = T x for some x G At- 

Organization of the paper. The rest of the paper is organized as follows. In Section 2, we 
collect some preliminaries on variable exponent spaces that will be used throughout the paper. 
In Section 3, by applying the method developed in [18] . we find conditions than ensure that the 
trace immersion remains compact although At ^ 0- As we mentioned in the introduction, these 
conditions are not satisfactory, so in the remaining of the paper we look for a general result that 
guaranty the existence of extremals. In Section 4 we revisit the proof of the Concentration- 
Compactness Theorem as stated in [12] to perform the corresponding adaptation for the trace 
inequality. In Section 5 we prove our main results, Theorem 15.41 and Theorem 15.61 that provide 
with general conditions for the existence of extremals. Finally, in Section 6 we provide both 
local and global conditions for the validity of T(p(-),r(-),0,) < T. 



In this section we review some preliminary results regarding Lebesgue and Sobolev spaces 
with variable exponent. All of these results and a comprehensive study of these spaces can be 
found in [JJ. 




r(p(.),r(-),n,r) <r< mf k{n, p ( x )) 



2. Preliminaries on variable exponent Sobolev spaces 



The variable exponent Lebesgue space LP( x \n) is defined by 




This space is endowed with the norm 




We can define the variable exponent Sobolev space w l ^ x \n) by 

W^ X \VL) = {u G L pix \n) : 8 lU G L p ^(n) for i = 1, . . . , N} 
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where diU = Jj- is the i th — distributional partial derivative of u. This space has a corresponding 
modular given by 

(«) == / \u\ p ^ + \Vu\^dx 
Jn 

which yields the norm 

IWWw^p^Hn) = IMkpOz) : = inf {A > 0: p hp{x) (^J < l|. 

Another possible choice of norm in W 1,P ^(J7) is I^Hpfe) + ||Vu|| p ( x ). Both norms turn out to 
be equivalent but we use the first one for convenience. 

The following result is proved in [HQS] (see also [5J, pp. 79, Lemma 3.2.20 (3.2.23)). 

Proposition 2.1 (Holder-type inequality). Let f G LP^ x \fl) and g G L q ( x \Q). Then the 
following inequality holds 

11/0*030*0 IIl»o») (o) ^ ((^) + (J) )ll/ILpW(n)ll3llww(n)> 

w/iere 

1 1 1 

+ 



s(x) p(x) g(x) 

From now on, we define the classes of exponents that we deal with. Let V(P) be the set of 
Lebesgue measurable functions p: Q — > [1, oo) and let V(dQ) be the set of % N ~ 1 — measurable 
functions r: d£l — > [l,oo). 

In order to state the trace Theorem we need to define the Lebesgue spaces on 9f2. We assume 
that O is C 1 so 30 is a (N — 1)— dimensional C 1 immersed manifold on M. (less regularity on 
dQ is enough for the trace Theorem to hold, but the C 1 regularity is enough for our purposes). 
Therefore the boundary measure agrees with the (N — 1)— Hausdorff measure restricted to d£l. 
We denote this measure by dS. Then, the Lebesgue spaces on d£l are defined as 

U W (dn) := \u G Ll oc (dn,dS): [ \u(x)\ r{x) dS < oo) 
L Jan > 

and the corresponding (Luxemburg) norm is given by 

{f u(x) r ( x ) i 
A > 0: —j— dS < 1 j. 

Throughout this paper the following notation will be used: For a fi— measurable function / 
we denote / + := sup / and / _ := inf/, where by sup and inf we denote the essential supremum 
and essential infimum respectively with respect to the measure \x. 

The Sobolev trace Theorem is proved in [6]. When the exponent is critical, it requires more 
regularity on the exponent p(x) (Lipschitz regularity is enough). This regularity can be relaxed 
when the exponent is strictly subcritical. It holds, 

Theorem 2.2. Let O C R N be an open bounded domain with Lipschitz boundary and let p G 
V(Q) be such that p G H /1,7 (0) with 1 < p_ < p + < N < 7. Then there is a continuous 
boundary trace embedding W l,p ^ (yi) C L p *^ x \dn). 

Theorem 2.3. Let Q C R N be an open bounded domain with Lipschitz boundary. Suppose that 
p G C°(f2) and 1 < p~ < p + < N. If r G V(dQ) is uniformly subcritical then the boundary trace 
embedding W 1,p ( x \Q) — > L r W (dfl) is compact. 
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Corollary 2.4. Let Q C M be an open bounded domain with Lipschitz boundary. Suppose that 
p G C°(Q) and 1 < p_ < p + < N. If r G C°(d£l) satifies the condition 

1 < r(x) < p*(x) x G d£l 

then there is a compact boundary trace embedding W 1 '^ 10 ' (Q) — > L r ( x \d£l) 

The following proposition, also proved in [16], will be most useful (see also [5J, Chapter 2, 
Section 1). 

Proposition 2.5. Set p(u) := J Q \u(x)\ p ^ dx. For u G L p( - X \^l) and {u k } km C we 
have 

(2.1) u^O^ (\H\lpW(0)= X ^'p(j) = 1 )- 

(2.2) H«lliP(«)(n) < !(= !; > !) ^ < i(= i; > I)- 
(2-3) ll«llz«.(«)(n) > 1 IMI£p(«)(o) ^ P^ ^ IMl£c)(n)- 

(2-4) II«IIzp(-)(o) < 1 H«ll£(-) ( n) ^ ^ ^ H u llip(-)(n)- 

(2.5) lim \\u k \\ LP ( x ) (n) = 0o lim p(it fe ) = 0. 

(2.6) lim HitfcllLPMm) = oo <^ lim p{u k ) = oo. 
For much more on these spaces, we refer to [3J. 

3. Compact case 

In this section we find conditions on the exponents p G V(£l) and r G V(dQ) that imply that 
the immersion W 1,p<yX \$X) ^ L r<yX \d£l) remains compact. Therefore, in this case, the existence 
of extremals follows directly by minimization. 

Roughly speaking, these conditions require the critical set to be small, and also a strict control 
on how the exponent r reaches the critical one when one is approaching the critical set At- For 
the Sobolev immersion WQ ,p(x \n) ^ L*W(ti), this result was obtained in [18]. Following the 
same ideas we can prove a similar result for the trace immersion. 

First, we define the upper Minkowsky content for sets contained in Oil. We say that a compact 
set K C dVt has finite (N — 1 — s)— boundary dimensional upper Minkowsky content if there 
exists a constant C > such that 

V^^iKir) n dQ.) < Cr s , for all r > 0, 

where K{r) = {x G M. N : dist(x,K) < r}. The result is the following: 

Theorem 3.1. Let ip: [r^ ,oo) — > (0, oo) be a continuous function such that: (p(r)/]nr is 
nonincreasing in [rC ,oo) for some ro G (0,e _1 ) and <p(r) — > oo as r — >■ oo. Let K C dfl be 
a compact set whose (N — 1 — s) — boundary dimensional upper Minkowski content is finite for 
some s with < s < iV — 1. 

Let p G V(£l) and r G V(dfl) be such that p + < N and r(x) < p*(x). Assume that r{x) is 
subcritical outside a neighborhood of K , i.e. ^dfi\K(r )(P*( x ) ~ r ( x )) > 0. Moreover, assume 
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that r(x) reaches p*(x) in K at the following rate 

r{x) < p*(x) dist(x,K) a i mos t ever y x g K(ro) n dtl. 

ln (dist(x,X)) 

Then the embedding W 1,P ^ X \Q) L r ^ x \dQ) is compact. 
Proof. Let us prove that 

(3.1) lim sup{ I \v{x)\< x US: v £ W l > pi - X \ti) and \\v\\ wl , p{x)m < l) = 0. 

First, we take j3 such that < /3 < s/pf and e > such that e^ 1 > r^ 1 and </?(|) > 1. For 
each n G N we consider 7? n = e~^ n . We choose x € (K(e n ) \ K(e n+l )) n <9J7, then , we have 

„*•(*)-*.(*) < ln (dlit(b?)) < K^) _ -^(^Tt) _ 4 
'/ n 2i '/n ^ '/n — fc v ' — -tt-n- 

On the other hand, we know that T~i{K{r) n d£l) < Cr s and we can estimate the following term 
/ rin ix) dS < in [ dS<Ce ni - s -^ 

./(.K'(e , *)\.K"(e n + 1 ))nSn JK(e n )ndn 

Now, we have 



/ \v{x)\ r ^dS 

J (K(e n )\K (e«+ 1 ))nSn 

\^J1\ dS+ / rf^dS 



(K(e n )\K (e"+i))n9n V 'M / J(A"(e")\ii"(£™+ 1 ))n9r2 



for each no € N, we obtain 

/ Kxjr^d^ v / \v( x )\ rix) ds 



r. OO 

< (sup A n ) / \v(x)\ p *^ dS + C V e n( ^ 1 

n>n JK(e"0)ndn n=rlQ 



Using that IHIp^an < C|M|i,p and that (s — f3pf) > 0, we can conclude (|3.ip . 
Finally, let {v n } neN C W l ^ x \Q) and v e W 1 ^*)^) be such that 

u n ^7; weakly in VF 1,p{:!;) (0). 

Then, 

v n — ^ t> weakly in L r(x )(<9$7), 

v n —> v strongly in L s ^(<9r2) for every s such that inf(p*(x) — s(x)) > 0, 



8 J. FERNANDEZ BONDER, N. SAINTIER AND A. SILVA 

therefore v n — )■ v in L r ( x \d£l \ K(e)) for each e > small. Hence, 

limsup / |v n (x) - t>(x)| r ^ dS" = limsup ( / 1^0*0 — v(x)\ r ^ dS 

n-Hx J dU n->oo \ JK(e)ndn 

\v n (x) -v(x)\ r W dS 

dfl\K(e) 

<sup / |v n (s)-i;(a;)r^(i5 
rt£N JK(e)ndn 

So, by (|3.ip . we conclude the desired result. □ 

Now it is straightforward to derive, analogous to Corollary 3.5 in |18j . 

Corollary 3.2. Let p € 'P(ft) be such that p + < N and let r £ V(d^l). Suppose that there exist 
i G ft, 
ln"(^— ,) 

compact 



€ ft, C > 0, n S N, ro > sitc/i i/iai inf dn\B ro (x ) ip* ( x ) ~ r ( x )) > an d r ( x ) < P*(x) 

c EpiaL j or almost every x £ 9ft H S ro (xo). T/ien i/ie embedding W 1,p ( x \£l) Z/^^Sft) is 
^ l^-^ol 



4. The CONCENTRATION-COMPACTNESS principle for the Sobolev trace immersion 

This section is devoted to the extension of the CCP to the trace immersion. 
Let r 6 V(d£l) be a continuous critical exponent in the sense that 

_4 T : = { x e 9ft: r(x) =p*{x)} / 0. 
We define the Sobolev trace constant in W^' p (ft) as 

T(p(-),r(-),ft,r) := inf = inf 

ueW -i.pw ( n) Hvllr^.an ^^^'(n) IMIr(aO,an\r 

More precisely, we prove 
Theorem 4.1. Xei {ii n }neN 

a sequence such that u n — 1 u weakly in W l ' p<yX \$l). 
Then there exists a countable set I, positive numbers and {vi}i<^i and points {xj}j<=/ C 

At C 9ft smc/i i/iai 



(4.1) lunl^ 1 -* dS v = \u\ r ^ dS + z^*^ weakly-* in the sense of measures, 

(4.2) \\7u n \ p ^ dx — 1 > |Vii| p ^ + ^^Mi^i weakly-* in the sense of measures, 



iei 



(4.3) T s .i/f^ </xf^ : 



where T Xi = sup e>0 T(p{-), q(-), ft £) i, r £j j) zs £/ie localized Sobolev trace constant where 

Q £i = fl i? e (xj) and T £)i := dB £ {xi) n ft. 

Proof. The proof is very similar to the one for the Sobolev immersion Theorem, see |1 1 J . so we 
only make a sketch stressing the differences between the two cases. 

As in [12, Theorem 1.1] it is enough to consider the case where u n — weakly in W 1,p ^ x \Vl). 
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Take <j) 6 C°°(Cl). According to Theorem 12.21 we have 
( 4 - 4 ) T (p(-),<l(-),fy\\<f)Uj\\ r ( x ) < 1 1 (jnij 1 1 1)P(a .) . 

We have that 

ll<Mjlll,pOz) < C(l|V((^Uj)llp(a;) + ll<M.?llf>(s)) 

On the other hand, 

I \\V{<hj)\\ P (x) - ll^VnjUp^)! < Huj-V^llp^). 
Then, as u n — v 0, we observe that the right hand side of the inequality converges to 0. In fact, 
we can assume that p p i x \(u) < 1, then 

\\ujV(f>\\ p ( x) < (||V0||oo + 1) P ||^||p (a .) 

We the same argument, we obtain that 

\\(t> u j\\p(x) -> 

Finally, if we take the limit for j — > oo in (I4.4p . we arrive at 

(4.5) T( P (.),r(.),nm LZ(x)m < WH^w 

for every 4> € C°°(Cl). Observe that if 4> £ C£°(M> N ) and U C R N is any open set containing the 
support of cj), the constant in (|4.5p can be replaced by T(p(-),q(-),£l H U, dU D fi). 

Now, the exact same proof of [121 Theorem 1.1] implies that the points {xj}j g / must belong 
to the critical set At- 

Let <p e C™{R N ) be such that < <t> < 1, 0(0) = 1 and supp(^) C 5i(0). Now, for each i € 7 
and e > 0, we denote 4>e,i{x) := <p{{x — Xi)/e). 
From (|4.5p and the subsequent remark we obtain 

r(p(-), r(-), Ve,i, v eM<t>eA\rt*) ia sinB e { Xi )) ^ W^W L *(*) {QnBe{xi) y 

As in p3], we have 

PMi ,s) ■= / \<Pi ,e\ r(x) dlS 

JdfinB E (x io ) 



From now on, we will denote 



Janr\B E (x i0 ) ieI 



> "i - 



If p u (<t>i ,e) < 1 then 



■f £ := sup r(x), r ie := inf r(x), 

annB e (xi) " dnnB e (xi) 

pf := sup p(x), pT £ ■ = inf p(x). 

QnB s (xi) " nnB £ (xi) 
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Analogously, if p u {4>i ,e) > 1 then 



b ioM\ L l^(dnnB e (x io )) - U io 



Therefore, 



r(p(.), r(-), n e ,i, T M ) min , } < 



VH^WfonB^x,))- 

On the other hand, 

\4>i,s\ p{x) dn<^nB £ { Xi )) 



I 

Jtt{ 



hence 



l i 

< max {//(fi n B s (a:i))^« ,^(0 n B e (xi)) p ** }, 



so we obtain, 



T(p(-), r(-), n e ,i, r M ) min {i/^>> } < max {/z(fi n S E (^))^,//(0 n £ £ (^)) p ^ }. 
As p and r are continuous functions and as r(xi) = p*(xi), letting e — > 0, we get 

rf. l/p*(xi) / l/pfci) 

where ^ := lim £ _>.o H B e {xi)). 

The proof is now complete. □ 



5. Non-compact case 



In this section we parallel the results for the Sobolev immersion Theorem obtained in [llj . to 
the Sobolev trace Theorem. 

In that spirit, the result we obtain states that if the Sobolev trace constant is strictly smaller 
that the smallest localized Sobolev trace constant in the critical set At, then there exists an 
extremal for the trace inequality. 

Then, the objective will be to find conditions on p(x), r{x) and Q in order to ensure that strict 
inequality. We find global and local conditions. 

As in [11] , global conditions are easily obtained and they say that if the surface measure of the 
boundary is larger than the volume of the domain, then the strict inequality holds and therefore 
an extremal for the trace inequality exists. 

Once again, local conditions are more difficult to find. In this case, the geometry of the 
domain comes into play. 

We begin with a lemma that gives a bound for the constant T(p(-), r(-), T). 

Lemma 5.1. Assume that the exponents p G V(fl) and r € V(dQ) are continuous functions 
with modulus of continuity p such that 

ln(A)p(A) as\^0 + . 
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Then, it holds that 



r(p(o,r(-),n,r) < in f K(N, P ( x )y 

x€At 



Proof. The proof uses the same rescaling argument as in but we have to be more careful 
with the boundary term. 

Let xo G At- Without loss of generality, we can assume that xo = and that there exists 
r > such that 

fl r := B r n VL = {x G B r : x N > ip(x')}, B r D dtt = {x G B r : x N = ip(x')}, 

where x = (x',xn), x' G R , x^ G R, B r is the ball centered at the origin of radius r and 
V>: K^ 1 -> R is of class C 2 with ^(0) = and W(0) = 0. 

First, we observe that our regularity assumptions on p and r imply that 

r(Ax) = r(0) + pi(A, x) = p*(0) + pi(A, x), 

p(Ax) =p(0) +p 2 (A,x), 

with limx->o+ A''*^'*' = 1 uniformly in £l r . From now on, for simplicity, we write p = p(0) and 
p* = p*(Q) = r(0). 

Now, let cf) G C£°(R N ), and define (f>\ to be the rescaled function around G At as <fi\ = 

A p* 4>(j ) and observe that, since T is closed and G* T, c/> A G W"r' p(x) (^) for A small. Then 
we have 

, s /" -(JV-1)pi(A, w ) 

<Mx) r(x) dS= / A * ^ y y»+ P i(X,y) dS 

A - (W -^ {A ' s) ^^ a( ^ ))P .+ W (W)^ 1+ i^^^^ 

-l 

where = t • and i/j\(y') = jip(Xy'). 

Since ^(0) = and V^(0) = we have that ip\(y') = 0(A) and \Vtp\(y')\ = 0(A) uniformly 
in y' for y' G supp(^) which is compact. Moreover, our assumption on p\ imply that 

-(jV-l) Pl (A,y) 

A ~* cj){yy i{x >y) -> 1 when A -> 0+ 

uniformly in y. 
Therefore, we get 

(5.1) Pr(x)MM = I Mx) r(x) dS^ [ W 'M p * dy 1 ', asA^0 + . 

Jon Jrn-i 

In particular, (|5.ip imply that ||0A||r(a;),sn * s bounded away from and oo. Moreover, arguing 
as before, we find 



r(x) 

an V \\<P\\\ r (x),dn, 



, / | „ I ,/.s 



V H0Allr(a:),dn / 



SO 

lim 



..Allr(,)^n 
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For the gradient term, we have 

f \V4>x\ p{x) dx= f \~^ p{x) \V4>{^)\ p{x) dx 
Jn Jn 

= I \-f p2 ^\Vct)(y)\ p+p2 ^' y) dy. 
Jn x 

Now, observing that Q\ — > and from our hypothesis on p 2 , we arrive at 



P P (x),n(M = I \^Mx)\ p{x) dx ^ [ \V<P(y)\ p dy as A + . 
Jn Jr% 

Similar computations show that 

Pp{x)M<f>x)= I \4>x(x)\ p{x) dx = o(\ p ), 

Jn 

so 

PiA*)MM= [ W^x{x)f x) + \4>x{x)f x) dx ^ f \V<t>{y)\ p dy as A -> + 
Jn J^l 

Arguing as in the boundary term, we conclude that 

}™ + \\<t>x\\i, P {x),n = ||V0|| P)R £. 

Now, by the definition of T(p(-), r(-), $7, T), it follows that 



r(p(-),r(-),n,r) < 



\\4>x\\ r (x),dn 
and taking the limit A — > 0+, we obtain 



T(p(-),q(-),n,T) < 



|V^|| 



p.l 



for every G C^°(E 7V ). Then, 

r(p(-),g(0,fi,r) ^(iv^r 1 

and so, since xq = is arbitrary, 

T(p(-),q(-),n,T) < inf K{N,p{x)Y\ 

as we wanted to show. □ 

Now we prove a Lemma that gives us some monotonicity of the constants T(p(-), q(-), J7, T) 
with respect to O and T C dQ. 

Lemma 5.2. Let r2i,Q 2 C R N be two C 2 domains, and let Ti C dQ{, i = 1,2 be closed. 
If 0,2 C f2i, (<9ft 2 nfii) C T 2 and (r x n <90 2 ) C r 2 , tften 

r(p(-), ?(•),«!, ri) <r(p(-), g (-),J2 2 , r 2 ). 

Proof. The proof is a simple consequence that if u G (^2), then extending v by to 

fti \ 2 gives that u G Wpf (x) ( n i)- D 
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Remark 5.3. Lemma [5.21 will be used in the following situation: For Q, C and T C dQ closed, 
we take x £ d£l\T and r > such that (B r (xo) n <9Q) n T = 0. 

Then, if we call £l r := £1(1 B r (xo), T r = dB r (xo) D Q, we obtain 

T( P (-),q(-),n,T) <T( P (-), q (-),n r ,r r ). 

As a consequence of Lemma l5.1l and Lemma 15.21 we easily obtain the following Theorem. 

Theorem 5.4. Let f2 C M. N 6e a bounded C 2 domain and T C dQ be closed. Let p £ and 
r € V(dCl) be continuous functions with modulus of continuity p such that 

ln(A)p(A) ^ as A -> + . 

Then, it holds that 

T(p(-),r(-),n,T)<T< inf ^(^pCx))" 1 . 

Now, in the spirit of [TT], we use the convexity method of [17J to prove that a minimizing 
sequence either is strongly convergent or concentrates around a single point. 

Theorem 5.5. Assume that r~ > p + . Let {u n } n< =jq C Wp (fl) be a minimizing sequence for 
T(p(-),r(-),0,r). Then the following alternative holds: 

• {un}neN has a strongly convergence subsequence in L ri - X \d^l) or 

• {"U n }nGN has a subsequence such that \u n \ r ^ dS — 8 XQ weakly in the sense of measures 
and \S/u n \ p ^ dx — Txg'S X0 weakly in the sense of measures, for some xq € At and 
u n — > strongly in L p ( x \Q). 

Proof. Let {u n } ng N C Wp (fi) be a normalized minimizing sequence for T(p(-), r(-), U, F), 
i.e. 

T(p{-),r(-),n,r) = lim \\u n \\ lp{x) and ||itn|| r ( x ) ,an = 1. 

For simplicity, we denote by T = T(p(-),r(-),£l,T). The concentration compactness principle 
for the trace immersion, Theorem 14. 1( together with the estimate given in Theorem 15.41 gives 

i= am mv^-' + m-'^ 

Knit, 

> miniCT- 1 ^!!^))^, (T^WuW^f- } + ^T-^ 

iG/ 

P(fj) 



e/ 



> Pr(x),dQ(u)~ +^2^1 
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On the other hand, since {^ n }neN is normalized in L r ( x \d£l), we get 

1= f \ u \ r & dS + 
Jen ieI 

So, since p + < r~, we can conclude that either u is a minimizer of the corresponding problem 
and the set I is empty, or v = and the set I constains a single point. 

If the second case occur, it is easily seen that the second alternative holds. □ 

With the aid of Theorem 15.51 we can now prove the main result of the section. 

Theorem 5.6. Let fi be a bounded domain in W N with dQ € C 1 . Let T C <9f2 be closed. Let 
p G V{Q) and r £ V{dQ) be exponents that satisfy the regularity assumptions of Theorem \5.4\ 
Assume, moreover, that p + < r~ . 

Then, if the following strict inequality holds T(p(-),r(-),Q,T) < T, the infimum (|1.4j) is 
attained. 

Proof. Let {u n } n6 ^ C W^.' p ^ x \fl) be a minimizing sequence for (|1.4fl normalized in L r ^ x \dQ). 

If {n n }neN has a strongly convergence subsequence in L r< ^ x \dVl) 1 then the result holds. 

Assume that this is not the case. Then, by Theorem 15.51 there exists xq 6 At such that 
|u n | r ^^ dS — 5 XQ and |Vn n | p ^^ dx — Txo } S Xo weakly in the sense of measures. 

So for e > 0, we have, 



/ 



OX — > —= — ; r > 1. 



, n (f X0 -e)PW (f XQ — e)p( x o) 

Then, there exists no such that for all n > no, we know that 

ll lt n||l,p(x) > T Xo — E. 

Taking limit, we obtain 

r(p(-),r(-),n,r)>2i -e. 

As e > is arbitrary, the result follows. □ 
6. Conditions for the validity of T(p(-),r(-),Q) < T 

In this section we investigate under what conditions the strict inequality (jl.7p holds. We 
provide two types of conditions. First, by some simple rough estimates we give global conditions, 
that is a condition that involves some quantities measured in the whole domain O. This condition 
resembles the one found in [7] . Then we devote ourselves to the more delicate problem of finding 
local conditions, that is conditions that involves some quantities computed at a single point of 
dQ. These type of conditions are in the spirit of [U [HI HP] , 

6.1. Global conditions. Now we want to show an example of when the condition (jl.7p is 
guaranteed. We assume that T = and using v = 1 as a test function we can estimate 

r(p(.),r(-),fi)< 11 



\l,p(x) 



\M\r(x),dfl 



It is easy to see that 

l|l||i,p(a!) = PIIpOz) < maxjjfil^, 
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and 

i j_ 
l|l||r(x),«i > ram{\dn\^, \dtt\r- }. 

So, if satisfies 

max 1 1 ^1^, \Q\ P ~ \ 

(6.1) L 1 J- < T, 

minjlc^l^, |<9f2|>— } 

then by Theorem 15.61 there exists an extremal for T(p(-), r(-), fi). 

Observe that the family of sets that verify f|6. 1 j) is large. In fact, for any open set f2 with C 1 
boundary, if we denote = t ■ Q we have 



max||fit|p+, \Q t \p | fiF|n|? 



min{|aO t p,|aO t p} \dQ\~> 



< jy.i for t < 1. 



21 / 1 ;tv,t.k, _ N-i > l 

r(p(-),r(-),nt)<r, 



Now, the hypothesis 2- < 1 imply that - > 4p > 0, so we can conclude that: 



if i > is small enough. 

6.2. Local conditions. As we mentioned in the introduction, the strategy to find local condi- 
tions for (jl.7p to hold is to construct a test function to estimate T(p(-), r(-), O, T) by scaling and 
truncating an extremal for K(N,p(x))~ 1 with x G *4t- In order for this argument to work, a 
result stating the equality T x = K(N,p(x))~ 1 is needed. This is the content of our next result. 

We begin with a Lemma that is a refinement of the asymptotic expansions found in the proof 
of Lemma [5 . 1 1 since we obtain uniform convergence for bounded sets of W l, ' p<yX \&). Though this 
lemma can be proved for variable exponents, we choose to prove it in the constant exponent 
case since this will be enough for our purposes and simplifies the arguments. 

In order to prove the Lemma, we use the so-called Fermi coordinates in a neighborhood of 
some point x$ G dQ. Roughly speaking the Fermi coordinates around xq G Oft describe x £ Q 
by (y,t) where y G IR^ -1 are the coordinates in a local chart of dQ at xq, and t > is the 
distance to the boundary along the inward unit normal vector. 

Definition 6.1 (Fermi Coordinates). We consider the following change of variables around a 
point xq G dQ. 

We assume that xq = and that d£l has the following representation in a neighborhood of 0: 

OttnV = {x G V: x n = ip(xf), x' G U C M^" 1 }, $lC\V = {x G V : x n > ^{x'), x' G U C R N ^}. 

The function ip: U C R N ~ X -> R is assume to be at least of class C 2 and that tp(0) = 0, 
V^f(0) = 0. 

The change of variables is then defined as $ : U x (0, 5) — > f2 n V 

<5>{y,t) = (y,iP(y))+tv(y), 
where v(y) is the unit inward normal vector, i.e. 

(-W(y),l) 
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It is well known that $ defines a smooth diffeomorphism for 5 > small enough. 
Moreover, in [5] it is proved the following asymptotic expansions 

Lemma 6.2. With the notation introduced in Definition \6.1l the following asymptotic expansions 
hold 

J*(y, t) = l-Ht + 0(t 2 + |y| 2 ), 
where is the Jacobian, and H is the mean curvature of d£l. 

Also, if we denote v(y,t) = u(&(y,t)) the function u read in Fermi coordinates, we have 

N 

|Vu(x)| 2 = (d t v) 2 + (s ij + 2h i h + 0(t 2 + \y\ 2 )) d yi vd yj v, 

where h %3 is the second fundamental form of dVt. 

For a general construction of the Fermi coordinates in differentiable manifolds, we refer to 
the book [H] . 

Lemma 6.3. Let 1 < p < N be a constant exponent and let u be a smooth function on Cl. Then, 
there holds 

JV-l 

\\ u \\p,,B £ (x )ndn = £ p * (1 + °( 1 ))ll'Mp, M yndRy> 

JV 

l|u||j>,BeGBo)nn = e p (1 + o{l))\\u £ \\ pynR N, 

N-p 

II Vu\\ P ,B e (x )nn = s p (l + o(l))||Vn e || P]l 



where V is the unit ball transformed under the Fermi coordinates, o(l) is uniform in u for u in 
a bounded subset ofW 1,p (£l), u £ (y) = u(ey), and u is u read in Fermi coordinates. 

Proof. If we denote by §(y,t) the change of variables from Fermi coordinates to Euclidian 
coordinates, then, from Lemma |6, 21 we have 

J<S> = l + 0(e) mB £ (x )nn, 

where </<£ is the Jacobian of <E>, 

J dn <S> = 1 + 0(e) mB £ (x )ndQ, 
where Jon& is the tangential Jacobian of <I> and 

|Vu e | = (l + 0(e))\Vu\ 

with 0(e) uniform in u. 

For a more comprehensive study of the Fermi coordinates see [5] and the book 
Now, we simply compute 

/ \u\ p *dS= [ \u(y,0)\ p *(l + O(e))dy 

JB £ (x )ndn J( £ -v)ndR^ 



^"1(1 + 0(e)) f \u £ (y,0)\ P *dy. 



ON THE SOBOLEV TRACE THEOREM FOR VARIABLE EXPONENT SPACES IN THE CRITICAL RANGE.17 



In the same way, 

\Vu\ p dx = [ \Vu(y)\ p (l + 0(e))dy 



L 



e N-P {l + 0{£)) f \Vu £ (y))\ P dy 



and 



I \u\ p dx= I \u(y)\ p (l + 0(e))dy 

JB £ (x )ndn J(£-v)ndR" 



e N (l + 0(e)) [ \u £ (y))\ p dy. 



This completes the proof. □ 
Now we can prove 

Theorem 6.4. Let p S V(^l) and r € V(d£l) be as in Theorem \5.4\ Assume that xo £ At is a 
local minimum of p(x) and a local maximum of r{x). Then 

T X0 = K{N,p(x Q ))-\ 

Proof. Prom the proof of Theorem 15.41 it follows that T Xo < K(N,p(xo))^ 1 . 

Let us see that if xo is a local minimum of p(x) and a local maximum of r(x) then the reverse 
inequality holds. Let us call p = p(xo) and then = p(xo)* = K^o)- 

Since p(x) > p, by Young's inequality with £ = -tW H — r-? we obtain 

\u\ p + I Vu\ p dx < — I \u\ p ^ + | Vu\ p ^ dx + 2^r\B £ \ 



'n £ Pe Jn e s £ 

where p~ = sup^ e p(x). 

It then follows that for any A > 0, 

U'MIp,^ < (l + o(l))p lMx) ^(\- 1 u) + 0(e n ). 
So, for any 5 > 0, taking A = |] i, 3? ( £C ) J ri s + <5 we obtain 

( 6 - 2 ) ll«lli,p,n s < lklli,p(a:),n e +<*> 

if e is small, depending only on 5. 

Arguing in much the same way, we obtain 

( 6 - 3 ) \\ u \\r(x),dn E < IML,dfi e +8, 

for e is small, depending only on 5. 
Now, by (JOJ) and (JO]) it follows that 



Q(p(.),rC)M(u) = > phE^ + (5). 

\\ u \\r(x),an e \m\p*,dn e 

Finally, by Lemma 16.31 we get 

Q(p(-),r(-), n £ )(u) > —--^ ±- + o(l) + 0(5) > K(N,p)- 1 + o(l) + 0(5). 



18 J. FERNANDEZ BONDER, N. SAINTIER AND A. SILVA 

So, taking infimum in u € Wp^ (fi e ), e — > and <5 — > we obtain the desired result. □ 

With the aid of Theorem 16.41 we are now in position to find local conditions to ensure the 
validity of T(p(-), r(-), S7, F) < T, and so the existence of an extremal for T(p(-),r(-),ft,F). 

We assume, to begin with, that there exists a point xq £ At such that T = T Xo . Moreover, 
this critical point xq is assume to be a local minimum of p{x) and a local maximum of q{x). In 
view of Theorem 16.41 it follows that T = T Xo = K(N, p(xo))^ 1 . 

The idea, then, is similar to the one used in [11]. We estimate T{p(-), r(-), f2, T) evaluating the 
corresponding Rayleigh quotient Q(p(-),q(-),£l) in a properly rescaled function of the extremal 
for K(N,p(xq))~ . A fine asymptotic analysis of the Rayleigh quotient with respect to the 
scaling parameter will yield the desired result. 

Hence the main result of the section reads 

Theorem 6.5. Let p € V(Q) and r € V(d£l) be C 2 and that p + < r~ . Assume that there exists 
xq € At such that T = T Xo and that xq is a local minimum of p{x) and a local maximum of 
r(x). Moreover, assume that either d t p(xo) > or H(xq) > 0. 

Then the strict inequality holds 

T(p(-),q(-),n,T) <f 
and therefore, there exists an extremal for T(p(-),q(-),Q,T). 

We now construct the test functions needed in order to estimate the Sobolev trace constant. 
Assume that € <9f2. We consider the test- function 

v £ (x) = rj(y, t)V e fi(y, t), with x = $(y, t), 

where V is the extremal for K(iV,p(0)) _1 given by ([L3]l . and rj £ C^(B 2 8 x [0,25), [0, 1]) is a 
smooth cut-off function. 

From now on, we assume that p(x) £ V(Q), r(x) € V(dQ) are of class C 2 , G dQ and we 
denote p = p(0) and r = r(0). 

The key technical tools needed in the proof of Theorem 16.51 are the following three Lemmas 
that are proved in [9]. 

Lemma 6.6. There holds 

(6.4) [ f{x)\v £ \ p{x) dx = C e p + o(e p ) with C = f(0)[ V p dx. 
Lemma 6.7. If p < 

(6.5) / f{x)\v £ \ r{x) dS x = A a + A 1 e 2 \ne + o{e 2 \ne) 
with 

A = f(0)[ V(y,0)P*dy, 

and 

Ai = --^-/(O)Ar(O) f \y\ 2 V(y, 0) p * dy, 
*P* Jrn-i 

where Ar(0) = Xl^i 1 9u(r o $(■, 0))(0) (equivalently, as is a critical point ofr, Ar(0) is also 
the Laplacian ofr with respect to the induced metric ofdQ). 
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Lemma 6.8. Assume that p < N 2 /(3N - 2). Then 

-2\ 



[ f(x)\Vv £ (x)\ p{x) dx = D + D^lne + D 2 e + D 3 (elne) 2 + D±e 2 lne + 0(e 2 
Jn 



with 



D = f(0)[ \VV\ p dydt, D 1 = -—f(0)d tP (0) [ t\VV\ p dydt, 
Jr% P Jr* 

and, assuming that dtp(0) = 0, 

D 2 = (d t f(0) - Hf(0)) I t\W\ p dydt + phf(0) f J}f^, , 2 |W| P dydt, 

J&k Jr" (i + 1) + \y\ 

D 3 = 0, 

N f N f 

£>4 = --f(0)d ttP (0) / t 2 \VV\ p dydt - /(0)A v p(0) / \y\ 2 \VV\ p dydt, 

2p Jrn 2(iV - l)p J r n 

where h = X^i* h u (0) and A y p(0) = Yli=\_ l du(p ° 0))(0) (which can also be seen as 
the Laplacian of p\sn °A for the indiced metric of dVt since the all the first derivatives of p at 
vanishes by hipotesis). 

As an immediate consequence of these Lemmas we get 

Corollary 6.9. Under the same hypotheses and notations as in Lemmas \6.6\ 6.7 and 1 6. 8\ we 

have 

. Ifd t p{fS) >0, 

_ i / Y) 
II u £|Ii,p(x) = Dq I 1 H ^-elne + o(elne) 







\\u £ \\ r (x),dn =Aq* (l + ^W 2 hie + o(e 2 lne) ) 
V P* A o ) 

If dtp(0) = and H(0) > 0, 

he\\l,p(x) = A? f 1 + ^ £ + 

Al ,2, „ . / 2- 



W\\r{x),dSl = A 0* [ 1 + T S ln£ + °( £ ln£ ) 

P*-A-0 



Now we are in position to prove Theorem 16.51 

Proof of Theorem \6.5l The proof is an immediate consequence of Propositions 16.61 16.71 and 16.81 
In fact, without loss of generality we can assume that xq = 0, and let p = p(0). Asume first that 
d t p(0) > 0. Then 



T(p(-),q(-),n,r) <Q(p(-),q(-),n)(u e ) 



D$ (l + -a_ e ln6 + ( £ lne) 



K(N,p) 



AT (l + ^e 2 lne + o(e 2 lne) 
1 + -^-elne + ofelne) 



-i pD 



1 + ^-e 2 lne + o(e 2 lne)' 
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The proof will be finished if we show that 

Pi 
pD 



1 + ~±-elne + o(elne) 
p£o v ' y 

l + ^Ve 2 lne + o(e 2 lne) 



or, equivalent ly, 

^-+ (l)<^ £ + ( £ ). 
pD p*A 

But this former inequality holds, since T)\ < and Do > 0. 

The case where dtp(0) = and H(0) > is analogous. □ 
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